INTRODUCTION
Recently Singh [5] 
where y E (0, 1 ] is the ratio of odd integers, approach finite or infinite limits as t-+co. We are interested in extending this study to more general differential equations of the form 
----p,(t) dt p,-,(t) dt dt ~0) dt~o(t)
We assume that p,,f, g: [a, co) + R and H: [a, co) x R --t R are continuous; pi(t)>O,Ogi~n;andg(t)-,oo asZ-+co. Weput 4) &x(t) = -, (TX, co) . In what follows, by a proper solution of Eq. (2) we mean a function x E G(L,) which satisfies (2) for all sufficiently large t and sup{]x(t)]: t> T} > 0 for every T> TX. A proper solution of (2) is called oscillatory if it has arbitrarily large zeros; otherwise the solution is called nonoscillatory. We make the standing hypothesis that Eq. (2) does possess proper solutions.
The asymptotic behavior of nonoscillatory solutions of Eq. (2) was investigated in our previous paper [7] . Our main purpose in this work is to give an analysis of the asymptotic behavior of oscillatory solutions of Eq. (2) . For related results the reader is referred to the papers [2, 3, 4, 6, 81. Let i, E (I,..., n-l}, 1 </~<n-1, and t,sE [a, co). We define
It is easily verified that
For convenience of notation we let, for 0 < i < n -1, Ji(t, S) =Po(t> ri(t9 s; PI 9*.*3 Pi)? Ji(t) = Ji(tT a)Y Ki(t, S) =Pn(t) lJt> s;Pn-, 3-*+7 Pn-i), Ki(t) = Ki(t, a).
MAIN RESULTS
We first consider the case where i' co pi(t) dt = ~0, I<i,<n-1.
(9) a A differential operator L,, defined by (3) is said to be in canonical form if condition (9) is satisfied. It is shown by Trench [9] that any differential operator of the form (3) can be represented in canonical form in an essentially unique manner. THEOREM 1. Suppose that (9) holds, g(t) < t, and there exist a number y E (0, l] and a continuous function q: [a, co) + [0, co) such that lm xl G q(t) lxIY for (t, x) E [a, co) x R.
Suppose moreover that i cc p,(t) If( dt < 00 (11) and i" LJ,-,(&))lYp,(t) q(t) dt < ~0.
Then every proper solution x(t) of (2) satisfies
Proof: Let x(t) be a proper solution of (2) defined on [to, co), t, > a. There exists T > to such that g(t) > to for t > T. Integrating (2) n-times from T to t, we have n-1 x(t)/PIJ(t) = C cizi(t, T;P, ,***9Pi) i=O (14)
+ 'Z,-l(t~r;~,,...,~,-,)~,(r)lf(r)--H(r,x(g(r)))l dry i T where ci, 0 < i < n -1, are constants. Noting that (9) implies and using (7) and (10) in (14), we obtain IxWl < cJ,-dt> + J,-dt> j%@9llf(r)l+ q(r) IxWW'l dr
T for some constant c > 0 and t > T. Since g(t) < t and (11) holds, it follows that Ix(g(ol/Jn-l(gw)
I ' G k + LJn-,M9)lYpn(r) q(r)[lx(g(r))l/J,-,(g(r))lYdr T for t > T', where k > 0 is a constant and T' > T is chosen so large that g(t) > T for t > T'. Applying Bihari's lemma [l] (which reduces to Gronwall's lemma in case y = l), we see that ]x( g(t))l/J,-,( g(t)) is bounded for t > T', establishing (13). This completes the proof. If(Ol dt < 00 (16) and
then every proper solution x(t) of the equation
The next theorems shows that the conclusion of Theorem 1 may be strengthened if a more restrictive condition is placed on the growth of the function I-I(t, x). In addition to (11) suppose that I "p,(t) q(t) dt < ~0.
Then every proper solution x(t) of (2) c > 0 being a constant, which is a consequence of (14). Note that in Theorem 2 g(t) is not required to satisfy g(t) < t; that is, g(t) may be retarded, advanced or otherwise. A corollary to Theorem 2, which is an analogue of Corollary 1, could easily be formulated.
On the basis of Theorem 1 we are able to find conditions under which, for every oscillatory solution x(t) of Eq. (2), we have fiz (&x)(t) = fiz [x(t)/p,(t)] = 0. + + THEOREM 3. Suppose that (9) holds, g(t) Q t, and there exist a number
Then every oscillatory solution x(t) of (2) satisfies (24) ','; W/P&)1 = 0.
Prooj Let x(r) be an oscillatory solution of (2) defined on [to, a~), 1, > a. Let T> C, be such that g(f) > t, for c 2 T. It is clear that L,x(t), 0 < i < n, defined by (4) are all oscillatory, and so for any fixed t > T we can choose ti, O<t<n-1, such that t<tto<t,<..-<t,-, and Lix(ti) = 0 for 0 < i < n -1. Repeated integration of Eq. (2) then gives
Hence, in view of (10) and the fact that t < t, < t, < ... < t,-, , we have Using (6), (8) , and (13), the last repeated integral can be transformed into where k > 0 is a constant. Therefore we have which together with (23) and (24) 
and
then every oscillatory solution of Eq. (18) approaches zero as t -+ co.
Likewise we can prove the following results on the basis of Theorem 2. Then every oscillatory solution x(t) of (2) 
where gi: [a, co) -+ R, 1 < i,< m, are continuous functions such that gi(t) -+ co as t + co. It suffices to replace (20) by the following condition:
I H(t, x1 ,..., XnJl G s(t) for (t, x1 ,..., x,)E [a, a,)xR".
Remark 2. From Theorem 3 [4] it follows that all proper solutions of Eq. (2) not satisfying condition (25) are necessarily nonoscillatory. The asymptotic behavior of possible nonoscillatory solutions of (2) has been investigated in a recent paper of the present authors [7] .
Remark 3. Singh [6, Theorem 3.11 found conditions to cause all oscillatory solutions of (2) to approach zero as t + co. However, our results in this work are significantly different from those of [6] since one of the main conditions in [6] requires (" pi(t) dt < co. 20 cos(log t) + 10 sin(log t) en sin(log 1) =--t4 t7 (32) for t > 1. As easily verified, all the conditions of Theorem 3 are satisfied, and so all oscillatory solutions of (32) tend to zero as t + co. In fact, (32) has one such solution x(t) = sin(log t)/t. sin(log t) = t6 + 2 sin(log t) -cos(log t) t3 (33) for t > 1. The conditions of Theorem 2 (and Remark 1) are satisfied, and so all proper solutions x(t) of (33) are such that x(t) = O(t') as t+ 00. Condition (23) is not satisfied, while condition (28) is. Hence Theorem 4 is not applicable to (33), and (33) has an oscillatory solution x(t) = cos(log t) not tending to zero as t + co.
Our next theorem which is an analogue of Theorem 3.4 of Singh [6] shows when oscillatory solutions x(t) of Eq. (2) do not satisfy lb, ~xW/p&) I = 0. (36) * Proof: The proof is patterned after that of Theorem 3.4 of (61. Let x(t) be an oscillatory solution of (2) such that hm,+,,[x(t)/p,(t)] = 0. Since lim ~uP~,~ p,(t) < 00, lim,+, x(t) = 0. From (2) and (34) we have ILnxWl q(t)
Letting t--t co in the above and taking (35) into account, we see that IL,x(t)l is eventually positive. But this is impossible for an oscillaroty solution x(t), and the proof is complete.
Remark 4. Theorem 5 applies to Eq. (2) being superlinear or sublinear regardless of g(t) > t or g(t) < t. has an oscillatory solution x(t) = (l/2) + sin(log t) such that lim,, [x(t)/t] = 0. Th is example shows that Theorem 5 fails to hold if the condition lim sup 14,po(t) < co is not satisfied.
NON CANONICAL L,
We now turn to the case where L, in (2) is not in canonical form. According to Trench [9] any differential operator of the form (3) can be represented in canonical form and the representation is essentially unique. More precisely, if L, is given by (3) and if condition (9) is not satisfied, then L, can be rewritten as
so that
a and the pi(t), 0 < i < n, are determined up to positive multiplicative constants with product 1.
The purpose of this section is to establish analogues of the results of the preceding sections for Eq. (2) with L, not in canonical form, without knowing the canonical representation of L, which is difficult to obtain. To this end we need the concept of a principal system for an operator of the form (3).
By a principal system for L, is meant a set of n solutions X,(t),..., X,(t) of L,x(t) = 0 which are eventually positive and satisfy lim xi(f) -0 tb+m Xj(l) for 1 <icj<n.
In case L, is in canonical form the set of functions V&h Jl(%.9 J, -I@) I defined by (7) is a principal system for L,, and the set of functions defined by (8) is a principal system for the operator
which is also in canonical form. For a general operator L, a principal system can easily be obtained by direct integration of the equation t,x(t) = 0. A basic property of principal systems is that if {X,(t),..., X"(f)) and {~,(4..., a,(t)} are any two principal systems for the same L,, then the limits Let (38) be a canonical representation of L,. Let {P,(t) ,..., pa(t)} stand for the sets of functions {Jo(t),..,, yn-l(t)} and {&(t),..., Z?,-,(t)}, respectively, where J(t) and xl(t), 0 < i < n -1, are constructed from pi(t), 0 < i < n, according to the rules (7) and (8) 
In view of (44) we observe that (49), (50), and (51) are equivalent to (45), (46), and (47), respectively, and so the conclusion of the theorem readily follows. The proof of Theorem 2' is similar. Likewise Theorems 3 and 4 can be transferred to the present situation as follows. 
then every oscillatory solution x(t) of (1) 
It is easily verified that {~,-l(t),...,jo(t)} and {k,-,(t),..., k,(t)} form principal systems for L, and M,, respectively. With this fact in mind we have the following corollary. (i) rf J"" k-,(f) IfWl dt < 00 and ?^" lPo(g(t))lYk,-,(t)q(t)dt < ~0, then every proper solution x(t) of (2) satisfies x(t) = O(p,(t)) as t -+ co.
(ii) If I" p,(t) WI dt < ~0 and s" ]po(g(t))lYp,(t) q(t) dt < 00, then every oscillatory solution x(t) of (2) (i) If(" k,-,(t) If(t)] dt < co and I" k,-,(t) q(t) dt < 00, then every
proper solution x(t) of (2) satisJies x(t) = O(pO(t)) as t -+ co.
(ii) If j"p,(t) If(t)] dt < co and imp,,(t) q(t) dt < 00, then every oscillatory solution x(t) of (2) satisfies lim,,[x(t)/jn_ ,(t)] = 0. EXAMPLE 4. Consider the equation (t"x"(t))" + rS, x(e-n'2t) = f (t), t> 1,
where e3dz cos(log t) + f(t)=-[3 32 cos(log t) -34 sin(log t) t3 Put L4x(t) = (t4x"(t))". Then L, coincides with M, (see (43)), and a repeated integration of L,x(t) = 0 shows that (t-*, t-', 1, t} is a principal system for L, = M4. All the hypotheses of Theorem 3' are satisfied, and so every oscillatory solution x(t) of (59) has the property that lim,, [t*x(t)] = 0. 0 ne such solution is x(t) = t-3 sin(log t).
